By use of the recently published deformed cylinder formulation [T. K. Stanton, J. Acoust. Soc. Am. 86, 691-705 ( 1989} ], the scattered field due to rough elongated dense elastic objects is derived. The (one-dimensional) roughness is characterized by axial variations of radius. Explicit expressions are derived describing both the mean and mean square of the stochastic scattered field for the rough straight finite length cylinder (broadside incidence) for both ka• I and ka>> 1 (k is the acoustic wave number and a is the radius) while only the mean is calculated for the prolate spheroid, uniformly bent finite cylinder, and infinitely long cylinder for ka>> 1 (again, all broadside incidence}. 
Regardless of the class of shape used in the above scattering problems, the object was always considered to resemble a simple mathematical shape with a perfectly smooth surface. In some recent articles by this author 9'1ø and Pieper and Holliday, 4 it was shown that in order to model the scattering of sound by zooplankton, the exact scattering solution involving the simple shape had to be modified for there to be an optimum fit between the "theory" and data. This was true for models involving spheres, straight finite cylinders, and uniformly bent finite cylinders. The modification involved truncation of the modal series solution and it was hypothesized that because the objects were irregular and did not exactly resemble the ideal simple mathematical shapes, that the objects would not support the higher modes that were inherent in the simple theory. There are relatively few publications involving the scattering by irregular objects and the solutions to those are limited to analytical solutions involving deformations of spheres 16.17 and "simple" cylinders (impenetrable and/or infinitely long), 18-21 and numerical methods involving more complex bodies? '23 Recently, an approximate analytical solution was derived that predicts the scattering by deformed cylinders of finite length. lø The theory was developed to describe the scattering by elongated objects whose properties such as the cross-sectional radius and material composition may vary with respect to the lengthwise axis. In addition, the axis of the cylinder may be deformed. The approximation lies in the assumption that the boundary conditions at each position along the axis are the same as those of the infinitely long cylinder, i.e., each infinitesimal section of the cylinder behaves as if the neighboring sections are identical where, in fact, their properties are slowly varying. The solution is then the integral of these infinitesimal sections over a finite length. As a result, the formulation is only valid for angles of incidence and reception normal or nearly normal to all tangents of the axis and for objects with very high aspect ratios (>• 5:1 ). In that article there was excellent agreement between the deformed cylinder calculations and the exact spheroidal wave function solution when the scattering by prolate spheroids (aspect ratio of 5:1) was calculated. In addition to the calculations involving prolate spheroids, predictions were made for uniformly bent finite cylinders that agreed with predictions based on Helmholtz-Kirchhoff results under limiting conditions. While there was exact comparison between limiting forms of the solutions and other theories, the comparison between the uniformly bent cylinder solution and laboratory data (taken from Ref. 3) involving backscattering from euphausiids (a type of zooplankton) required modifications in the approximate theory. The modal series solution was truncated before convergence for an optimum fit between the theory and data with the hypothesis being that each object did not perfectly resemble a smooth uniformly bent cylinder but was actually a slightly irregularly shaped object whose roughness was perhaps a perturbation of the smooth bent cylinder. For the optimum fit, the first six terms of the series were required while the remainder of the terms were not included in the summation. Although this approach is an approximation to the actual problem, it also represents an FIG. 1. Randomly rough elongated object (exaggerated roughness). ly described with the accuracy being indicated by the number of terms retained in the series.
In this article, we formulate the deformed cylinder solution in such a way that it can analytically illustrate the effects of roughness on the scattering by rough elongated objects (Fig. 1 ) . We chose dense elastic objects in this article because simple analytical solutions involving those boundary conditions are currently available to adapt to the case of rough objects. The essence of the approach lies in allowing the radius of the (circular) deformed cylinder to vary randomly along the length resulting in a one dimensional roughness. For ka • 1 the approximate solution is based on the modal series solution due to an infinitely long cylinder which simplifies to the sum of two terms--monopole and dipolelike terms--making the solution straight forward. For ka >> 1, the modal series solution requires many terms to converge and is not mathematically convenient to manipulate. Therefore we apply a simplified "ray" solution in that region involving the Sommerfeld-Watson transformation (SWT) of the modal series solution which is much more convenient and physically relevant to use.
In Ref. 10, the modal series solution was used exclusively in the deformed cylinder solution and details of its use are given in that article. The SWT is applied to the deformed cylinder solution for the first time in this present article. The properties of the SWT and its use in the deformed cylinder formulation are summarized as follows: The SWT-based solution is a summation of rays due to the "specular" or geometrically reflected echo from the front surface of the object, Rayleigh and Whispering Gallery surface elastic waves, and Franz "creeping" surface waves as well as (internally) refracted waves. In our formulation, the "ray" solution is employed in the deformed cylinder solution so that the ray due to each infinitesimal element of the deformed cylinder is calculated with the phase of the rays being related to the roughness perturbations of the surface. All infinitesimal rays are then summed in the integral along the length of the object. The end result will be a backscattering cross section whose value depends upon the particular realization of rough surface. This value will vary from realization to realization due to the randomness of the phases of the rays.
Much work has appeared in the literature involving ray solutions :4•s ranging from the heuristically written simple solution by Veksler and Korsunskii n4 to the more sophisticated SWT-based and Green's function solutions by a variety of investigators. Most important to this present analysis is a simple approximate formula for the "coupling coefficient" that predicts the amplitudes of the surface waves. We chose Marston's recently derived approximate formulas for use in our analysis as they demonstrate reasonable accuracy for the material (tungsten carbide) and range of ka chosen. 37•ø For simplicity we only analyze the case in which the specular and Rayleigh surface waves dominate the scattering. It also turns out that some of the scattering that results in narrow resonances which are ignored in the analysis becomes "washed away" due to roughness effects. One could use the procedure described in this article for analysis involving the other waves.
The general solution is used to derive explicit backscattering expressions for the following randomly rough objects at broadside incidence: straight finite length cylinder, prolate spheroid, uniformly bent finite cylinder, and infinitely long cylinder. Since the deformed cylinder solution is used as a basis, the soh•tion is valid only for high aspect ratio objects ( •> 5:1 ) at angles of incidence at or near broadside. The roughness is modeled as continuous, stochastic, and, for simplicity, one dimensional (i.e., it depends only on the position with respect to the lengthwise axis). In order that the explicit expressions be evaluated analytically, the roughness was assumed to be Gaussian distributed with a linear autocorrelation function. The mean and mean-square scattered field is derived for both ka,• 1 and ka >> 1 for the straight finite cylinder while for the other shapes, only the mean field in the ka >> 1 region is derived. For the sake of brevity and because of the mathematical difficulties involved in describing the mean-square field due to the other shapes for ka>> 1, Because of the complexity involved in taking into account all waves in the rough cylinder formulation, we limit this analysis to the materials and range of ka where the specular and Rayleigh surface elastic waves dominate the scattering:
(conditionally valid, depending on material prope•ies and ka).
Including the other waves would require a case-by-case analysis using a procedure broadly similar to the one used in this article. The specular term is given simply in its ka • 1 limit:
where the Rayleigh (plane-wave/plane-interface) reflection coe•cient is given as 
(note that the scattering by other surface waves can also be described by this form of equation). The "launching" angle 0R and phase shift term •/R are given as 0R = sin-t(c/cR ), cylinder are then assumed to vary slowly (i.e., the radius of curvature of the axial variations are large so that the solution to each slice of the cylinder is similar to that of an infinitely long cylinder of the same cylindrical radius). The solution was shown to be very accurate when describing high aspect ratio objects, where the aspect ratio is defined as the ratio of the length to diameter. Example calculations in that article involved the straight finite length cylinder, uniformly bent finite cylinder, and prolate spheroid.
While the emphasis of that article involved describing the scattering by deformed finite length cylinders, a more general solution was derived at the beginning that could scribe the scattering by deformed cylinders of any length. 10. Note that the cylinder does not necessarily pass through the origin. Also, the cylinder can be of any length with respect to the diameter of the Fresnel zone provided, as stated above, the aspect ratio remains high. Finally, it is worth noting that while the above equation is used to provide approximate results when describing the scattering by finite length cylinders, it can be used to describe the scattering by an infinitely long undeformed cylinder exactly as it reproduces the we!l-known far-field solution given in Eq. (2). Equation (16) will be used in this article to describe the scattering by randomly rough infinitely long cylinders (once the roughness is introduced, the calculation becomes approximate). While Eq. (16) The cylinder is now far enough away so that it does not matter from which point on the cylinder the distance r is measured. The reference phase depends upon the choice of the origin for •.
For the simple case of broadside incidence backscatter due to a (straight) finite length object with rotational symmetry about its lengthwise axis, the dot product in the exponent of Eq. (17) • 645 a (rpo•) so that the radius of the rough deformed cylinder is given as (Fig. 2) 
arc (rpo s ) = a(rpo s ) -• •(rvo s ). (19) The parameter •(rpo• ) is a stochastic variable with a zero mean such that (•(rpo s )) = 0, (aRc (r•o•)) = a(rpo• ). (20)
The above equations describe roughness for cylinders of general deformed shape. That is, the roughness can be considered as a fine "texture" of cylinders that are also deformed on a larger scale. For example, the roughness can be superimposed upon straight cylinders or uniformly bent finite cylinders whose radius would have otherwise been constant with respect to position along the axis as well as prelate spheroids whose cross-sectional radius does vary along the axis.
For straight undeformed cylinders whose radius is constant in the zero roughness case, Eqs. ( 19 ) and (20) (27) where, again, this involves normal incidence backscatter for ka, 
L Pro/ate spheroid
The prolate spheroid is considered in the deformed cylinder formulation to be essentially a long finite "cylinder" with its radius slowly decreasing to zero at the ends. While the cross-sectional radius of the spheroid varies, the rms roughness is assumed to be constant along the entire length of the object. Because we are dealing with high-aspect-ratio spheroids, most of the surface is nearly parallel with the ma- The cylinder is shown to be bent away from the sonar.
jor axis (especially near the origin). For broadside incidence, as shown in Fig. 4 , that section of the surface that is contained in the plane determined by both the incident wave vector and the major axis is then nearly perpendicular to the direction of incidence (again, especially near the origin).
In this "small-slope" case, the roughness is assumed to vary in a direction along the cylindrical radius. In the plane just mentioned, the roughness would vary in a direction parallel to the direction of the incident plane wave. Because of this assumption, the rough spheroid described mathematically possibly may not describe an actual rough spheroid near the ends. For a metal object machined by a lathe, if the cutting tool is applied only in the direction perpendicular to the major axis, then it is possible that any roughness due to imperfections in the cutting process would vary in the direction perpendicular to the major axis (i.e., radially as the model assumes). If, then, that object is sanded and polished by hand, the remaining microroughness would vary in a direction normal to the surface. Either way, because we are describing only high aspect ratio objects at broadside incidence, it is reasonable to ignore the scattering properties at and near the ends for the following (qualitative) reasons: ( 1 ) this "large-slope" region only takes up a small fraction of the object and hence its relative contribution would be proportionately smaller, (2) near the ends, the radius decreases to zero. As it approaches zero, the scattering cross section crosses into the Rayleigh scattering region (ka ,• 1 ) and becomes negligibly small compared with the scattering from the mid-section of the object which remains in the geometric scattering region (kao>)1), and (3) in this kao>)1 case, the ends of the spheroid will be outside the first Fresnel zone. The higher-order zones containing the ends are of alternating phase and tend to cancel each other (and accompanying errors) out. The backscattered sound for this object is calculated for "broadside" incidence where the cylinder is bent symmetrically away from the source/receiver (Fig. 5) . As with the other cases, the roughness will be a function of position along the axis and will vary radially from the axis. Similar to the straight cylinder and in contrast to the prolate spheroid, the radial variation will be normal to the mean surface.
In the case of the uniformly bent cylinder, we begin with the more general deformed finite cylinder formulation, Eq. 
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$. Infinitely long, straight cylinder
The solution to the infinitely long straight rough cylinder (Fig. 6 ) requires the more general scattering formula given in Eq. (16). In contrast to the finite-length objects, where the range to the cylinder r is much greater than the length of the object, the distance r s to the individual slices of the cylinder as well as the phase of the resultant scattered field from each slice (even for a smooth cylinder) varies with respect to position along the cylinder. Thus Eq. (16) must be used to take both of these dependences into account. The solution is in the ka>> 1 and kr•, 1 region.
For normal incidence backscatter and the axis containing the origin, es is zero in Eq. (16) 
where the mean radius a is a constant.
As with the corresponding solutions to the prelate spheroid and uniformly bent cylinder, this integral is quite complex although, after the mean is calculated, it can either be solved exactly for all kr or by the stationary phase approximation for kr>> 1. In contrast to the solutions involving the other shapes, the complexity is not from a property of the cylinder that is varying along the axis but rather the fact that the cylinder is infinite in length and r 
III. SUMMARY OF ROUGHNESS EFFECTS
There are several interesting similarities and differences in the effects due to roughness between the ka,• 1 and ka >> 1 regions and among the different shapes.
For ka,• 1, the roughness-induced variation of the averaged echo is independent of frequency and only depends on the roughness parameters. As a result, for small frequency, effects due to roughness may not necessarily be small. Also, TABLE I. Roughness-induced attenuation of mean scattered field due to various randomly rough objects: ( 1 } planar interface, normal incidence specularly reflected wave and (2) various solid elastic elongated objects, backscattering at broadside incidence (straight finite cylinder, prelate spheroid, uniformly bent finite cylinder, and infinitely long cylinder). In the volumetric case involving tungsten carbide objects that are rough in one dimension, the m = 0 Rayleigh surface wave is shown to dominate the specular and rn > 0 Rayleigh waves for high k•. In a manner similar to the above discussion, we find the same types of differences between the averaged scattered field of a rough cylinder at both extremes, ka g I and ka >• 1.
As a result of the roughness-induced phase shifts of each infinitesimal ray in the the kay, 1 region (all shapes), the specular and Rayleigh surface waves are modified by the exponential term that depends upon both the rms roughness a and frequency. The exponential factor in the specular term (also see Table I ) is exactly the same as that calculated for the scattering from rough planar interfaces. 46 That correspondence illustrates the fact that the front surface of the cylinder at high frequencies broadly resembles a planar interface (at least within the first Fresnel zone). Thus rough surface scattering from the front surface of the cylinder would broadly resemble scattering from a rough planar interface. As in rough planar surface scattering, the exponential factor will decrease as the product ka increases. That is, as the roughness becomes large when compared with the wavelength of the incident sound wave, the specular component of the mean scattered wave will correspondingly decrease exponentially. This is due to the fact that the phases of the infinitesimal rays that are summed in the integral are random for kcr•, 1. The resultant sum of the rays is substantially decreased due to their incoherent addition. Note that for high enough frequencies, substantial decreases can occur even for small fractional roughness a/a (it is only the product k•r that is important). In a similar manner, the exponential factor in the second term (Rayleigh surface elastic wave) decreases that term as the product ka increases (again, see Table I ). This factor is different than the corresponding factor in the specular term in an interesting way. In the specular term, the decrease in the mean field was due to phase perturbations in the two-way ray that travels straight toward and away from the cylinder-hence the exponential factor that resembles the one in rough planar surface scattering. In the Rayleigh wave, the phase perturbation is due to variations in both the two-way ray and the path length of the circumnavigating wave. Thus, not only does the attenuation due to the roughness elements depend upon kc, but also on the number of times the wave has traveled around the cylinder. As a result, the exponential factor in the Rayleigh wave term depends upon m. It is also interesting to note that the attenuation of the m = 0 term is much less than that of the specular term (see Table I ), hence for large kc, the m = 0 Rayleigh wave dominates the scattering by tungsten carbide cylinders that are rough in one dimension.
Interestingly, the scattered fields due to the objects involving all four shapes in the ka >• 1 region contained the above-mentioned exponential factors. In fact, the square of the specular term for each shape is equal to the geometric scattering cross section for the smooth case (as given in Ref. 10) times the square of the exponential factor. This consistency is due to the fact that all of the objects have high aspect ratios and ( 1 ) The function is shown to decrease more-or-less linearly from the origin down to the zero level beyond which the function oscillates (although a closer look on an expanded scale shows the peak to be rounded very near the origin). As discussed in Appendix B, the first zero crossing is being considered in this article as the correlation distance .fia and is shown in Fig. 8(b) to be approximately equal to 0.04 times the length of the cylinder in this case.
Scattering predictions using randomly rough cylinders as generated by the above process are illustrated in Fig. 9 . The expression for the radius given in Eq. (63) As in the zero roughness case, some of the differences are due, at least in part, to the fact that the SWT approach included only the specular and Rayleigh surface waves (ignoring surface waves such as the Whispering Gallery waves) and the Rayleigh wave coupling coefficient was used in an approximate form. It is interesting to observe that once the cylinder is rough, some of the fine features disappear resulting in a better fit between the theory and simulations. Also, both theory and simulations predict a "rounding" of the curves once roughness is introduced. At fractional roughnesses greater than or comparable to 0.05, the two curves depart at high ka. This departure is not surprising as in this high fractional roughness region, the slopes of the roughness are not small introducing the possibility for error both in the simulations and theory. Note that although the simulations and theory are based on the same small-slope assumptions, they may break down in different ways. Figure 10 is a blowup of the 0.04 fractional roughness case shown in smaller form in Fig. 9 . In this enlarged version, the correlation between the $WT and modal series solutions is evident. As discussed above, both the trend for ka > 1 and oscillations about the trend for ka > 15 are similar between the two curves, while the amplitudes, in general, are different. Figure 11 illustrates the root-mean square of the backscattering amplitude of the cylinders modeled in Fig. 9 . Only the Monte Carlo simulations of the modal-series-based solution are given, but clearly, the curves are behaving in a manner similar to the means in Fig. 9 . In particular, the curves resemble the zero roughness case in Fig. 7 (dashed) up to a value of ka corresponding to k•r-0.5 beyond which point the curves deviate in a downward direction. As in the case of the mean scattering amplitude, the deviation represents attenuation of the signal due to the interferences caused by the roughness.
In order to better illustrate the loss of the various waves due to roughness, the mean scattering amplitude is plotted up to a value of ka --100 in Fig. 12 for two roughnesses. Only the SWT solution could be plotted as the modal series representation involved too much computer time in the high ka region. The oscillatory nature of the scattering due to interference between the Rayleigh and specular waves is shown to decay in the high ka region. This is due to the fact that for high ka, the specular (also shown separately) and higher order (m >0) Rayleigh waves are attenuated at a much higher rate due to the (one-dimensional) roughness than the rn = 0 Rayleigh wave. The effects are also shown mathematically in Table I where expressions for the roughness-induced attenuations are given for each wave.
The m ----0 Rayleigh wave dominates the specular wave for this tungsten carbide material because of offsetting effects illustrated in the exponent in the third column in Table  I . The phase shift induced at the boundary due to the roughness, which is represented by the -2 cos 0 a term, is opposite in sign to the shift induced by the change in travel path along the boundary which is represented by the (c/ca) (2•r -20a ) term. With the ratio ofca/c being 2.6, these two terms are comparable in magnitude resulting in a small difference equal to 0.133.
All of the simulations to this point plot some form of the scattering amplitude against ka. As a result, the resonance structure plays a major role in the pattern of the plots. It is also useful to plot the scattering amplitude in such a way so that the structure is held constant while the major trends are illustrated. That can be done by holding ka fixed and varying •r/a. Figure 13 illustrates the mean and root mean square of the backscattering amplitude due to rough straight finite cylinders (tungsten carbide as before) with ka fixed at 30 and •r/a ranging from 0 to 0.05. Also plotted is the Eckart attenuation factor e -2k2"2 as the equations for the mean [Eq. 
(term 2) = ka, Note that this argument is also true for higher-order terms in the expansion. This can be demonstrated by comparing similar orders of terms 4 and 5. The higher-order terms will only be comparable when m is large, again beyond the point where suface elastic waves are important. Thus term 5 is shown to vary a larger amount than term 4 before radiation damping reduces the contributions due to term 4. Also, since term 6 contains a factor ofrn in it, it will dominate term 4 for all rn regardless of degree of radiation damping.
As shown above, terms 5 and 6 are the ones whose roughness-induced fluctuations are complex. They are the terms whose exponents are imaginary, hence the fluctuations are due to phase shifts in the local infinitesimal slices of the cylinder rather than amplitude variations. Since there is one of these complex terms in each of the two major terms in Eq. (30), then the mean of the entire expression is influenced the most by each of the complex terms, thus validating the approximation of ignoring variations due to the real terms in Eq. (31 ).
Mean square
In order to investigate the dominant terms of the mean square of the scattering amplitude, we square the separate terms and integrate them individually:
(term 1 )dz
